. As an application, we investigate the existence of entire solutions for some classes of nonlinear functional integral equations of convolution type associated with the new family of measures of noncompactness. Finally, we give an illustrative example to verify the effectiveness and applicability of our results.
Introduction and preliminaries
The concept of a measure of noncompactness (MNC) plays a signification role in the nonlinear functional analysis. This notion was initiated by Kuratowski in 1930 (Kuratowski, 1930 . In 1955 G. Darbo, using the concept of a measure of noncompactness, proved a theorem guaranteeing the existence of fixed points of the so-called condensing operators (Darbo, 1955) . In recent years, a lot of authors such as Aghajani, Allahyari, and Mursaleen (2014) , Aghajani, Banaś, and Jalilian (2011) , Aghajani, O'Regan, and Shole Haghighi (2015) , Arab and Mursaleen (2018) , Banaś and O'Regan (2008) , Das, Hazarika, Arab, & Mursaleen (2017) ; Maleknejad, Torabi, and Mollapourasl (2011) and Olszowy (2010 Olszowy ( , 2012 studied the existence of solutions of integral equations in one or two variables on some spaces. Nonlinear functional integral equations of convolution type play important roles in applied problems, especially numerous branches of mathematical physics such as neutron transportation, radiation, and gas kinetic theory (see e.g., Zabrejko et al., 1968 and the references therein). Equations of this type have been considered in many previous studies Askhabov and Mukhtarove (1987) and Jingqi (1985) , which showed that these equations have
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On the other hand, a locally integrable function is a function which is integrable on every compact subset of its domain of definition. The importance of such functions lies in the fact that their function space is similar to L p spaces, but its members are not required to satisfy any growth restriction on their behavior at infinity: in other words, locally integrable functions can grow arbitrarily fast at infinity, but are still manageable in a way similar to ordinary integrable functions. Regarding the above subject, Olszowy introduced a new family of measures of noncompactness on the space L 1 loc ðR þ Þ consisting of all real functions locally integrable on R þ , equipped with a suitable topology. Then, she studied the existence of solutions of a nonlinear Volterra integral equation in the space L 1 loc ðR þ Þ (cf. Olszowy, 2014) .
In this paper, we define the new family of measures of noncompactness in Fréchet spaces
p<1Þ. In addition, we study the existence of solutions for some classes of nonlinear functional integral equations of convolution type (1.1)
by using an extension of Darbo's fixed point theorem associated with this new family of measures of noncompactness.
In the sequel, we introduce some notations, definitions and preliminary facts which will be needed further on.
Denoted by R the set of real numbers, R N ¼ ðx 1 ; x 2 ; . . . ; x N Þ : x i 2 R f g and put R þ ¼ ½0; þ1Þ. Let ðE; k : kÞ be a real Banach space with zero element 0. For a nonempty subset X of E, the symbols X and ConvX will denote the closure and closed convex hull of X, respectively. Moreover, let M E indicate the family of nonempty and bounded subsets of E and N E indicate the family of all nonempty and relatively compact subsets of E: We say that a function f :
Moreover, any compact subset of R N is contained in some K k and so the topology on L In what follow, we recall the well-known Darbo's fixed point theorem.
Theorem 1.1. (Darbo Banaś & Goebel, 1980 ) Let C be a nonempty, bounded, closed and convex subset of a Banach space E and let F : C ! C be a continuous mapping. Assume that a constant k 2 ½0; 1Þ exists such that μðFðXÞÞ kμðXÞ;
for any nonempty subset X of C, where μ is a measure of noncompactness defined in E. Then F has a fixed point in the set C. 
Main results
In this section, we will introduce a family of measures of noncompactness in the space L p loc ðR N Þ.
Before that, we characterize the construction of compact subsets of L p loc ðR N Þ. First, we quote a useful theorem in (Brezis, 2011) .
Theorem 2.1. (Brezis, 2011, Theorem 4.26 
is compact for any measurable set Ω & R N with finite measure.
Here ðτ h f ÞðxÞ ¼ f ðx þ hÞ; x 2 R N , h 2 R N and F j Ω denotes the restrictions to Ω of the functions in F .
For this, fixed ε > 0 and T 2 N. Without loss of generality we may assume that ε < 1. Since F is totally bounded so there exists ε 2 T -cover U 1 ; :::; U k for F . Take g i 2 U i for i ¼ 1; :::; k and let f 2 F. Then there exists 1 j k such that
So, minf1; k χ ½ÀT;T N ðf À g j Þk p < ε and since ε < 1 so we have k χ ½ÀT;T N ðf À g j Þk p < ε. Thus, U 1 j ½ÀT;T N ; :::; U k j ½ÀT;T N n o is an ε-cover for F j ½ÀT;T N .
Next, assume that F j ½ÀT;T N is totally bounded for each T 2 N. We prove that F is totally bounded in L p loc ðR N Þ. For this, fixed ε > 0. We may assume that ε < 1. Take T 2 N such that 1 2 T < ε. Also, suppose that U α f g α2I is an ε 2 T -cover for F . So, there exists U 1 ; :::; U k such that U 1 j ½ÀT;T N ; :::; U k j ½ÀT;T N n o is an ε-cover for F j ½ÀT;T N . Let f 2 F. Thus, there exists U j ð1 j kÞ such that
Hence, we deduce
Thus U 1 ; :::; U k f gis an ε-cover for F and so F is totally bounded. (ii) For every ε > 0 and T > 0 there is some δ > 0 so that
Proof. Assume that F is totally bounded. For any T 2 N, there exists a finite 1 2 Tþ1 -cover
. . . ; nÞ. Let f 2 F; then there exists 1 j n such that f 2 U j ; we have
It implies the boundedness of F , thus condition ðiÞ holds. To establish condition ðiiÞ, let ε > 0 and T 2 N be given. Let U 1 ; U 2 ; :::; U n f gbe an ε 2 T -cover of F . If f 2 F; then f 2 U j for some 1 j n. Take g 2 U j : It yields that Therefore, applying (2.1), (2.2) and (2.3) we can write
thus condition ðiiÞ holds.
Conversely, by using Lemma 2.2, it is enough to show that F j ½ÀT;T N is totally bounded in L p ð½ÀT; T N Þ for every T 2 N. Now, since F j ½ÀT;T N satisfies the condition (ii) so by Theorem 2.1 the closure of F j ½ÀT;T N is compact in L p ð½ÀT; T N Þ. This completes the proof. X n is nonempty.
We say that a family of measures of noncompactness is regular, if it additionally satisfies the following conditions:
(2) μ T ðX þ YÞ μ T ðXÞ þ μ T ðYÞ for T ! 0.
(3) μ T ðλXÞ ¼ λ j jμ T ðXÞ for T ! 0 and λ 2 R.
Theorem 2.5. Suppose 1 p<1 and X is a bounded subset of the space L p loc ðR N Þ: For x 2 X, and
where 
for all x 2 X and h 2 R N with k hk R N < δ: This means that, ð
On the other hand, we have Consequently, μ T ð XÞ μ T ðXÞ, from 2 we infer that μ T ð XÞ ¼ μ T ðXÞ:
The properties 4 and 5 are simple consequences of the following inequality
To prove 6 , assume that
. . . and lim
any n 2 N, take an x n 2 X n : In the first step, we claim that
To establish this claim, we need to check conditions ðiÞ and ðiiÞ of Theorem 2.3. Let ε > 0 be fixed and take any T > 0. Since lim n!1 μ T ðX n Þ ¼ 0, then k 2 N exists such that
Hence, we can find δ 1 > 0 sufficiently small so that
Thus, for all n ! k and h 2 R N with k hk R N < δ 1 , we can write
The set x 1 ; x 2 ; . . . ; x kÀ1 f g is compact, hence δ 2 > 0 and T > 0 exist such that
Thus,
We know that
Then, all the hypotheses of Theorem 2.3 are satisfied and so F is compact. Therefore, a subsequence x n j n o and x 0 2 L p loc ðR N Þ exist such that x n j n o converges to x 0 . Since x n 2 X n , X n ¼ X n and X nþ1 & X n for all n 2 N, we yield
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The properties 7 -9 are obvious. Now, we check that condition 10 holds. Take for all x 2 X, and h 2 R N with k hk R N < δ:
Then for all x 2 X we have
Therefore,
It in turn implies that
The following theorem is a version of Darbo's fixed point theorem in L where k T 2 ½0; 1Þ for all T > 0: Then F has at least one fixed point in the set C.
Proof. By induction, we define a sequence C n f g by letting C 0 ¼ C and C n ¼ ConvðFC nÀ1 Þ, n ! 1: We have C 1 ¼ ConvðFC 0 Þ C 0 , therefore by continuing this process we obtain
If μ T ðC N Þ ¼ 0 for some integer N ! 0, and for all T ! 0, then C N is relatively compact. Thus, Theorem 1.2 implies that F has a fixed point. Now, assume T 1 ! 0 exists such that μ T1 ðC n ÞÞ0 for any n ! 0.
By (2.4) we have
(2:5)
Since k T 1 2 ½0; 1Þ, then μ T 1 ðC n Þ È É is a positive decreasing sequence of real numbers. Thus, there is an r ! 0 such that μ T1 ðC n Þ ! r as n ! 1: We show that r ¼ 0. Suppose, to the contrary that r ¼ 0.
Then from (2.5) we have lim sup n!1
It enforces that 1 k T 1 , which is a contradiction. Consequently r ¼ 0, and hence μ T 1 ðC n Þ ! 0; as n ! 1: Using this fact and since the sequence C n f g is nested, in view of part 6 of Definition 2.4, we conclude that the set
C n is nonempty, closed, convex and C 1 & C: Furthermore, the set C 1 is invariant under the operator F; and C 1 2 ker μ T f g. By applying Theorem 1.2, we find that the operator F has a fixed point.
Application
To verify the applicability of our results, in the following section, we shall present an existence result for a large class of nonlinear functional integral equations of convolution type on the space
We provide an illustrative example to show the effectiveness and applicability of our results.
Definition 3.1. (Aghajani et al., 2015) We say that a function f :
Carathéodory conditions if:
ðiÞ The function f ð:; uÞ is measurable for any u 2 R M ;
ðiiÞ The function f ðx; :Þ is continuous for almost all x 2 R N :
Theorem 3.2. Assume that the following conditions are satisfied. 
ðvÞ A function r : ð0; 1Þ ! R þ exists such that the following relation holds for all x 2 R N and all
Then, the nonlinear functional integral equation of convolution type (1.1) has at least one solution in the space L p loc ðR N Þ.
Before giving the proof, we quote the following result, which is a version of Young's Theorem (Brezis, 2011, Theorem 4.15 
According to Remark 3.3 and ðiiiÞ we deduce
Hence, Fu 2 L In order to finish the proof, we show that Fu satisfies in Theorem 2.6.
Let us take a nonempty and bounded subset X of the set B and an arbitrary positive number T > 0. Let u 2 X and x; h 2 ½ÀT; T N ; with k hk R N < ε for arbitrarily small positive number ε. We obtain 
